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Abstract 

The overlap formulation is applied to calculate the chiral deter- 
minant on a two-dimensional torus with twisted boundary conditions. 
We evaluate first the continuum overlap, which is convergent and well- 
defined, and yields the correct string theory result for both the real 
and imaginary parts of the effective action. We then show that the 
lattice version of the overlap gives the continuum overlap results in the 
limit when the lattice spacing tends to zero, and that the subleading 
terms in that limit are irrelevant. 
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1 Introduction 



The overlap formalism is a proposal, based on an earlier idea of Kaplan [|], 
to define fermionic chiral determinants. When implemented on the lattice, it 
seems to overcome the kinematical constraint stated by the Nielsen-Ninomiya 
theorem ||, and thus could provide a suitable framework to study non- 
perturbative phenomena in models containing chiral fermions. 

In this method, the determinant of a chiral Dirac operator in 2d dimen- 
sions is defined as an overlap between the Dirac vacuum states of two auxil- 
iary Hamiltonians acting on Dirac fermions in 2d + 1 dimensions. 

Different studies and tests have been performed on this new formulation 
of the problem of evaluating chiral determinants, both in its continuum and 
lattice versions. In a Hamiltonian approach some tests for the continuum 
version have been performed in 2 and 4 dimensions in references Q and [||] , 
respectively, showing that the continuum overlap correctly reproduces some 
of the properties one expects for a chiral determinant to have, namely chiral 
anomalies, zero modes, etc. The 4-dimensional continuum results have also 
been confirmed in a 5-dimensional approach in [7j]. Recently, the relation 
between the phase of the continuum overlap and the ^-invariant has been 
elucidated M. Regarding the lattice overlap, the main concern has been to 
show that it does not suffer from any of the drawbacks that afflicted previous 
attempts to regulate fermions on the lattice. Analytic lattice calculations 
have been carried out for slowly varying background gauge fields [[|, [13], §]. 
There are also numerical calculations which confirm the overlap picture [1, 
11]. 

In this paper we present an expansion of a previous note [JTTJ] on the case 
of fermions with twisted boundary conditions on a torus. Our exact results 
reinforce the conclusions of [|10j where this problem was studied numerically. 
We consider here both the continuum and lattice version of the overlap for 
twisted chiral fermions on the torus. We show that the continuum overlap 
is already regularized and yields a finite answer, that agrees with the one 
of more standard calculations [|12j. The lattice regularization is shown to 



lead to the continuum overlap in the continuum limit. We also show that 
the subleading contributions to the continuum calculation vanish when the 
lattice spacing tends to 0. 

This paper is organized as follows: In section 2 some conventions and 
definitions used in the formulation of the problem are presented. The contin- 
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uum overlap is dealt with in section 3, where the real and imaginary parts of 
the effective action of the chiral Dirac operator are calculated separately. In 
section 4 the lattice overlap is considered, showing that it yields the proper 
continuum limit for both its real and imaginary parts. The subleading terms 
in the small lattice spacing expansion are shown to be harmless. 
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2 Definitions and conventions. 

We summarize here some technicalities about the Dirac equation and its 
twisted solutions on a torus with a flat metric. The two-dimensional torus is 
coordinatized by two real variables 

cr 1 , o 2 , < a* < 1 , (1) 

and is equipped with the Euclidean metric 

ds 2 = | da 1 + rdcr 2 | 2 = g^ u da^da v , 

where r = n + ir 2 and r 2 > 0. The associated zweibeins then follow: 

cf = (l,0) e£ = (-^,-). (3) 

To define the overlap, we need the vectorlike Dirac operator 

TP = a a e£(d„ + i A,) , (4) 
where the <r a 's are the usual Pauli matrices 

*-{\\)>*-{\ 1)>*-(\\)- < 5 > 

We also define Dirac matrices consistent with the metric (0), by the equations 
Y = v a e£, = 1,2 ; 75 = ^ . (6) 
From ([|) and (|6|), some relations follow: 

{r,^} = 2gT , {Y,l 5 } = 0, tr( 7 ^7 5 ) = - ^ , (7) 
where e Ml/ is the Levi-Civita symbol. Note that r 2 is the volume of the torus. 
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We would like to describe twisted fermions on the torus, i.e., the fermionic 
field has the boundary conditions 



tt^ + l, a 2 ) 
^(a 1 , a 2 + l) 



(8) 



where <p\ and y?2 are real numbers such that < (p^ < 1. The 'reference' 
boundary condition about which we define the twistings is antiperiodicity in 
both directions, hence the minus signs on the rhs in This is to assure 
that the 'untwisted' case = 0), which will be used to normalize the 
twisted determinant, does not have a zero mode. 

To consider free fermions with the twistings (||) is equivalent (by a gauge 
transformation) to having fermions with antiperiodic boundary conditions 
in the background of a constant gauge field = 2mp^ which is the 
description we shall adopt. Two one-body Dirac Hamiltonians H±(tp) in a 
constant gauge field = 27ryj M are then defined by 



where A is a constant with the dimensions of a mass. 

Translational invariance of both the free and the constant-A^ cases sug- 
gests the use of Fourier transforms. The Fourier transform of an antiperiodic 
function /, depending on the coordinates <r M will be given by 



f(a) = ^e i2 ™^f(n) , f(n) = d 2 a e~ i2 ™^ f(a) , (10) 



where n M runs over all the half-integers. 

The free (<p — 0), positive (w±), and negative (v±) eigenspinors in Fourier 
space satisfy 



H±(<p) 



7 5 (fi + 2nitf± | A |) 



(9) 



n 



H±{n) u±{n) 



uj(n)u±(n) ; H±{n) v±(n) 



■u(n) v±(n) 



(11) 



where 



u±(n) 



H±(n) = 75(2™ i± I A |) 
u(n) ± |A| — 2m fl 



X v±{n) 



oj{n) 



^{2n) 2 n 2 + A 2 
u(n) =F |A| + 2ixi 1/1 



X (12) 
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and x 



.!)■ 

It should be evident from (Q) that the eigenspinors of H(n \ (p), the 
Fourier transform of H±(<p), are equal to those of H±(Q) but with shifted 

n's: n —> n + (p, 

H±{n | </?) u±(n | y?) = co>(n|<^) u±(n \ <p) 
H±(n | <p) v±(n | v 2 ) = —uj{n \ <p) v±(n \ <p) 
u±(n | tp) = u±(n + p) , v±(n \ <p) = v±(n + <p), (13) 

where u>(n \ <p) = u{n + ip). 



3 Continuum overlap and effective action. 



Using the set of eigenspinors introduced in fll3|) , we expand the fermionic 
fields 



^( a ) = (^±( ra I ( P) u ±( n I V 9 ) + d±(n | p)v±(n | <^)J e 



(14) 



which contains the free (<p = 0) field expansion as a particular case. The 
operators involved in (|TJj) satisfy the anticommutation relations 

{*((t) , #0')} = {*(<r),*V)} = S(a-a') 
{b±(n | <£>) , b ] ±(n' \ <p)} = d n>n > {d±(n \ ip) , d ] ±(n \ <p)} = 5 n , n * 
{b±{n | , 6±(n' | <p)} = {rf ± (A; | , d ± (n' | <p)} = , (15) 

where <5(cr — a') is periodic in a, with period equal to 1. With these conven- 
tions, the corresponding Dirac vacua, i.e. the vectors obtained by filling the 
negative energy states, are defined by 

| <p±) = l[d±(n \tp)\0) | 0±> = l[d ± (n | 0) | 0) (16) 

n n 

and the overlap definition of the normalized determinant becomes 

detDjp) [ (+ | <p+) (p+ | p-) (p- | -) ' 

detL>(0) A^oo[\(+\ ( p+)\ (+|-) 1(^-1-) | 1 ' 
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where D(<p) denotes the chiral Dirac operator: D(f) 



From fll7|) we also define the Euclidean effective action 

"det £>(</?)' 



log 



detD(O) 



[I + 75) 



(18) 



Equations ( |ITD and ( |I8"D can be written in terms of the eigenspinors intro- 
duced in section 2. For example, 



r(^A) 



u]j.(n)v+(n + if) v\(n + <p)v-{n + f) vL(n + <f)v-(n) 
v\.(n)v+(n + f) I u+(n)u_(n) | uL(n + </?)u_(n) 



(19) 

where we have indicated the A-dependence of T explicitly, to make it clear 
that the series on the rhs of ( |19"D shall be evaluated first, taking the A — > 00 
limit afterwards: 

F(f) = lim rfoA). (20) 

A— >00 

From (|17D , (|18D and (|l9|), with the particular phase conventions chosen for 
the eigenspinors, the real and imaginary parts of V(f,A) are 



Rer(^,A) 
lmT(f,A) 



- log 



'(<f+ 1 f~y 



— Im log 



-Im 2_, l°g 





> ; " 


(+ 


1 <p+) 


l(+ 


1 v+) 1 



f+(n + yj)t>_(n + y?) 
v\(n)v-(n) 





¥>-> 1 


(- 


¥>-> 



u^(n)u + (n + y>) I ul(n)u_(n + <f) 
v + (n)v + (n + ip) \ vL.(ri)v _(n + ip) 



.(21) 



We shall deal with the real and imaginary parts of the effective action 
separatedly in the following subsections. 
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3.1 Real part of the effective action. 



Using the explicit form for the eigenspinors ( ( O ) and (0)) in ([H]), we obtain 
for ReT(ip, A) the following double-series representation: 



Rer(y?,A) 



E log 1 + 



A 2 



(2vr) 2 (n + ^) 5 



(22) 

With the explicit form of the metric tensor introduced in (0), and defining 
t 2 I A I 

the parameter A = , we can rewrite the real part in a more expanded 



form as 



2tt 



Rer(y?,A) = 
o E lo S 



| 2 (wi + yi) 2 - 2n(m + y?i)(w 2 + <£*) + (ti 2 + y 2 ) 2 + A 2 
r | 2 (m + v?i) 2 - 2ri(ni + <fi)(n 2 + <#j) + (n 2 + ^-i) 2 



^E io« 

ni,na 



t \ 2 n\ — 2rinin 2 + n 2 + A 2 
\t \ 2 n\ — 2nni7i2 + n 2 . 



(23) 



Direct evaluation of the double series in ( p3|) is not a straightforward task 
as it stands, but we can simplify the calculation by taking derivatives with 
respect to A in both sides of (p3|) , obtaining the differential equation 



A 



E (l r(m + pi) - (n 2 + ip 2 ) | 2 + A< 



ni,rt2 



E (l rrn-n 2 | 2 +A : 

ni,n 2 



(24) 



where now the rhs of ([zip can indeed be evaluated by standard methods. Let 
us first note that this expression is convergent, as may for example be verified 
by expanding [] the first series in powers of tp^. The term of order zero which 
might produce a logarithmic divergence in the first series is exactly cancelled 
by the second series, and the successive terms produce series that behave as 



^dn our normalization < cpp < 1. Arguments based in series expansions in powers of 
Lp^ will be used frequently in the following. 
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n | 4 at worst, for large | n | (in fact, the term of order q in ip behaves like 



n 



" 2_,? , and only even g's appear), thus they converge. 
To evaluate the rhs of (^) we shall first perform the summation over 
one of the half-integer indices, n 2 , say. The kind of expression one needs to 
evaluate here will also appear in dealing with the imaginary part of T. It has 
the following structure 



f(x,y) = £ [{n 2 -xf + V 2 ]' 1 , (25) 

rt2 



where x and y are functions of ri\ as well as of <£>^ and A. Then we resort 
to the procedure, familiar in finite temperature quantum field theory, of 
converting the series (|25D into an integral along a path in the complex plane, 
by introducing a function which has poles at the half-integer real numbers: 

f dz 

f(x,y) = f —Titim(7iz)(z-x + iyy 1 (z-x-iyy 1 , (26) 

where C is a path that encircles all the poles of the tan counterclockwise 0, 
while avoiding the poles at z = x ± iy. By deforming C, we can evaluate 
the integral by knowing the residues at the poles z± = x ±iy. It yields 

7T 

ffay) = [ tan ( t[x + iy) ) - tan(7r(x - iy) ) ] . (27) 
L% y 

Applying the result ( |27j ) to (|2~3]), we get 

fRer(^,A) = 

it x I ~ 7~T [ tan ( ^2 + n(ni + + irj(<p)) ) 

-tan( 7t(v? 2 + n(ni + ip{) - irj(<p)) ) ] 
tan( 7r(Tini + 277(0)) ) + tan( 7r(nni - ^(0)) ) ]i, (28) 



V (0) 



2 This procedure is valid provided y > 0, which is true for any A ^ 0. 
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where i](ip) = yr^nx + ipi) 2 + A 2 . The next step is to integrate the differ- 
ential equation fl28|), using the boundary condition ReT((y9, 0) = 0, which 
follows from (EBI). This integration is elementary, the answer being 



1 ( cos[tt0 2 + ri(ni + (fii) + iJX 2 + 7f (ni + <fi) 2 )] 
ReT{if,X) = - ^ i log 



+ log 
- log 



2 m [ cos[7r(rini + i\J X 2 + 

cos[7r((y92 + ri(rii + (ft) - i^J X 2 + r 2 2 (ni + y?i) 2 )] 



cos[7r(rini — iy X 2 + r^n 2 )} 

COs[7r(v9 2 + Ti(^l + V?l) + *T 2 | ™1 + fl 



cos[7r(Tini + zr 2 | n\ \)\ 
lor gg^M^g + Tl ( ni + gll) ~ iT2 I n l + ^1 I)] 1 / 2 qa 

cos[7r(nni — ir 2 I Tii I)] J 

So far no approximation has been made in deriving (|29|), which is exact for 
any A (oc |A|). To obtain Rer(<^) we shall take the A — > oo limit. Observing 
that may be decomposed into a A-independent plus a A-dependent piece, 
we will find a more explicit expression for the former first, and then take the 
limit A — > oo for the latter 

[ReT(^X)] x _ mdep = 

-\ E i°g 

1 ^2 "T 'iv^l T^i;-n2 | I'lTfl |;j {30) 

Using the relation 

^ cos[7r(ra + a)] i?(a,r) 

? lQg oos(irrn) = bg ^7) ' (31) 

where n is half-integer and d is a ^-function (whose infinite-product repre- 
sentation implies (|31|)) which can be defined by the (single) series 

■&(oi,t) = ]T e i7rTn2 + 2nina , (32) 

n 



cos[7r(y? 2 + n(ni + </?i) + ir 2 


\ni + <pi |)] 


cos[7r(ri?2i + ir 2 
cos[7r(y3 2 + n(ni + <£>i) — ■ 


I m 
ir 2 | 


1)] 

m + yi 1)] 


cos[7r(ririi — zt 2 


nil)] 



10 



one can verify after a bit of algebra that 



[ReI>,A)] A _ mdep = -Re log ^j, 



a 



T(pi - y? 2 



(33) 



Now we have to take the A — > oo limit [] of the remaining, A-dependent 
part 

[Rer(^,A)] A _ dep = 

cos[7t(^ 2 + Ti(n x + tpx) + i\]\ 2 + T%(ni + (pi) 2 )} 




cos[7r(r 1 n 1 + iJ A 2 + r 2 n 2 )} 



+ loi 



cos[7r(v9 2 + n(ni + (fi) - i^JX 2 + r|(rai + <pi) 2 )] 
cos[7r(r 1 ?2 1 — i\jX 2 + T 2 n 2 )} 



(34) 



The |A| — > oo limit of (|34|) is difficult to calculate as it stands, because of the 
non-analytic behaviour in ~. However, writing the cos in (|34| ) in terms of 
exponentials, and keeping the leading terms (behaving as e' A '), one can prove 
that only terms of up to order 2 in ip yield non- vanishing contributions when 
A — > oo: 



[Rer(^,A)] 



X—dep 



71 



E 

Til L 



r 2 X 2 



2 (A 2 + r 2 nl 



<fl + 0(<p 4 



(35) 



The (^-independent term vanishes identically, whereas the odd powers are 
absent by symmetry. All the higher-order terms not shown in (|35"D are given 
by convergent series and vanish in the limit A — > oo. Thus 



Hm [ReT(<f, \)} x _ dep = <fl lim - £ 



r 2 A 2 



a-oo2 tT (A 2 + r 2 n 2 )^ 



(36) 



which can be calculated by replacing the series by an integral, since the error 
of this replacement is made arbitrarily small by just increasing A. Then 



7j- r+oo 

lim [ReT(^,X)] x _ d = ^ lim - / dx 

X— >oo r A^oo Z J —oo 



2 \ 2 



r 2 2 A 



-oo (A 2 + r|x 2 ) 2 



7r r 2 v?? • (37) 



3 If dimensions were introduced, this limit would correspond to the ratio between the 
momentum spacing and A going to zero. 
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Putting together the results for the A-independent and A-dependent parts, 
we obtain the final result for the real part of the effective action: 



Rer(<£>, A) = — Re log 



0(0, r) 



(38) 



3.2 Imaginary part of the effective action. 

In the continuum overlap definition of the imaginary part fl2"ID , we make use 
again of the explicit form of the eigenspinors to obtain 



ImT(v9, A) = lmZ(<f,A) 



(39) 



where 



%>,A) 



5>* 



-E lo § 



(u(n) + |A|)(a;(n + <p) + |A|) + (2vr) 2 n • (n + ip) + 



(u(n) - |A|)(w(n + <p)-\A\) + (2tt) 2 n ■ (n + <p) + 



(27r) 2 i 



r 2 



(27T) 



72 



(40) 

We now proceed to evaluate A), keeping in mind that its real part 
is irrelevant to the calculation of the imaginary part of T, and we shall often 
ignore real terms in Z . This implies that we shall not be concerned with 
the convergence of Z in ( ^0[ ) (which looks badly divergent), but rather with 
the convergence of its imaginary part only. Again, it is not clear how to 
evaluate the series defining Z as it stands. However, a procedure similar to 
the one used in the calculation of the real part can be applied, if one first 
simplifies expression (0). We cannot sum exactly the series for an arbitrary 
A, as it was the case for the real part, due to the presence of square roots. 
A simplification is achieved by taking the A — > oo limit before summing over 
n. We are entitled to interchange the order of summation and limit because 
the imaginary part of Z is convergent for any A, even for A — > oo. To show 
this, we first write the imaginary part of Z more explicitly: 
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lmZ{<p,A) 



arctan 



(27T) 2 

r 2 (w(n) + A)(w(n + <p) + A) + (2tt) 2 ™ -(n + <p) 



— 2J arctan 



(27T) 



■ (41) 



r 2 (w(n) - A)(w(n + </?) — A) + (2vr) 2 n • (n + </?)_ 

To study the convergence of each one of the series in ([y]) (corresponding to 
the two possible signs of A), we analyze the behaviour of the corresponding 
summands when n — > 00. For sufficiently large n, each one of the expressions 
between brackets in ([y]) behaves at worst like \fi\~ 1 , which can of course be 
made much smaller than one. Thus in analyzing the convergence of the series 
we can replace the arctan's by their small- arguments, i.e., 



arctan 



(27T) 



(oo(n) + A)(w(n + ip) + A) + (2tt)% • (n + tp) 

e^J^pv 

t 2 (u(n) + A)(uj{n + tp) + A) + (2vr)% ■ (n + ' 



(27T) 



(42) 



and analogously for the second term in (f|l]). Now we study the convergence 
of (the sum over n of) ([12]). Again we follow the approach of performing an 
expansion in powers of ip, and showing that the terms which might produce 
divergences actually vanish when summed over n. It is not difficult to realize 
that only even powers of (p/j, are allowed by symmetry, and that terms with 
4 powers or more of ip are convergent. Thus we only need to prove the 
convergence of the second-order term 



E 



(2-) 2 



{u{n) + A)(w(n + <p) + A) + (2n) 2 n -(n + cp) 



£ <p v <p }^ 



A 

u)(n) 



r 2 — (u(n) + A) 4 

The quadratic term in fl43|) vanishes by symmetry, because 

A 



(43) 



2 + 



(44) 
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and thus the second order term becomes proportional to 

e^V^ V = e^Wv = . (45) 

Having shown that the series wich defines the imaginary part of the ef- 
fective action is convergent f\ for any A, we take the limit A — > oo before 
summing over n. In this limit the first log in (fiOD yields a vanishing contri- 
bution to the imaginary part of the effective action, since 

c(n) + |A| - 0(|A|) (46) 

when |A| — > oo and this suppress the imaginary part of the first log by a 
power of |A| _1 . Regarding the second log in (£KJ), the different sign in front 
of |A| produces the asymptotic behaviour 

u{n) - |A| -> OQAI- 1 ) . (47) 

Thus when A — > oo the non-vanishing contributions originate only from 
the second log in fl4"0| ) and they are given by the imaginary part of Q 



Z{cp,A) = -^2 log 



1 

n ■ (n + ip) H e^n^v 

T 2 



(48) 



Now we perform the summation over n. It is convenient to introduce an 
auxiliary variable e into (|48]), in order to be able to calculate this series: 



Z{<p) = - lim V log[e 2 + n ■ (n + <p) + -e^n^ u ] . (49) 

e^O — To 

The rest of the evaluation becomes akin to the one already performed for the 
real part of the effective action. We differentiate ( [4~9|) with respect to e: 

= -2e^ [e 2 + | r \ 2 n 1 (n 1 + tpx) - nn^^ + (p 2 ) 



4 The large momentum behaviour of the terms in the sum defining the imaginary part 
is much milder than the ones corresponding to the real part. This may be expected from 
the fact that the imaginary part is related to the chiral anomaly. 

5 We remind the reader that the divergence of ([l8]) is irrelevant for our discussion as we 
are interested in ImZ(^, A), which as argued above, is convergent. Similar arguments will 
be used again in the next section. 
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-T 1 n 2 {n 1 + ift) +n 2 (n 2 + ip 2 ) + iT 2 (niip 2 - n 2 fi)} 1 (50) 

and then perform the summation over the index n 2 . The sum we are faced 
with in (|50"D is convergent for the same reasons as the corresponding one for 
the real part. The resulting differential equation has however a different kind 
of boundary condition, namely lim^oo Im Z(<p, e) = 0. 

After summing over n 2 and integrating between two values e 2 , e\, we 
obtain 



Z(yj,ei) - Z(ip,e 2 ) 



E 



a 



Tlx 



— log cos i{{t\tl\ + — + is(ei)) 



a 



- logcos7r(rini + - - is(ei)) 



- ( £l <-> e 2 ) (51) 



where s(e) = ye 2 — (~ + ir 2 ni) 2 . Of course we are interested in the lim^o Z(ip, e) 
so we derive it from (|5T| ) by letting e\ go to and e 2 to 00: 

Z(<£>) = limZ(y9,e) = — log [cos7r(™! + a) cos nfrii] 
+ lim 



€2^00 



"1 



Q£ Oi 

logcos7r(rini + - + zWe^ - (- + ir 2 ni) 2 ) 



a 



+ logcos7r(7ini + - -iy<-~> 



- + ir 2 n 1 ) 2 ) 



(52) 



The contribution of the first sum in (|52|) to the imaginary part of Z(ip,A) 
can be rewritten as 



— Im log [cos tt{t71i + a) cos 7rrni] 



Im J2 lo g[ 



cos Tiyrrii + a 



cos 7rrni 



— Im log 



7?(a,T) 
0(0, r) 



(53) 



This fits exactly with the result for the A- independent part in (0), to yield 
the full ^-function dependence of the effective action. The limiting procedure 
for the second term in ( |52"D is analogous to the one followed in the calculation 
of 



lim 

€2— »0O 



Im 



Oi (X 

logcosvr(rin 1 + — + iJ$- (- + ir^) 2 ) 
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0£ I CH 

+ logcos7r(rini + - - iJ e 2 - (- + iT 2 rii) 2 ) 



2ii Im lim 



£2^00 



e| + r|nf 



— Im 



2^ 



= - ri7T(^ 1 + 7Hp 1 (p 2 ■ 

Substituting (§3|) and (|5J) in (0), we get 



lmZ((p) = — Im log 



0(0, r) 



ri7r(^ 1 + 7T(^i^2 = Imr(^) . 



(54) 



(55) 



The combination of this result with ( p8[ ) leads us to the final form of the 
effective action 



r(y) 



log 



m r) 



ilTTipi + i-K(pi(p 2 ■ 



(56) 



This agrees with the string theory evaluation of the determinant of twisted 



fermions on a 2-torus [9], and with the numerical lattice calculation of ref. (1C 
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4 Lattice overlap. 

We now consider the problem of calculating the effective action when the 
system is defined on a lattice of N 2 sites, which discretize the torus. Al- 
though Equation (|T7|) remains formally the same for this case, the Dirac 
vacua must be constructed from the corresponding lattice eigenspinors in- 
stead. The discretized lattice is defined by the set of points cr M = at M , where 
f 1 are integers such that < ft* < N, and a is the lattice spacing: a = -h, 
where the last relation follows from the requirement that for the continuum 
torus < < 1. To the fermionic field operators on the continuum, there 
correspond the lattice ones ^(er) — > \&(at), and the second-quantized Dirac 
Hamiltonian is 

H ± (<p) = J2^( at ) H ±( a (t- s))U(at,as)V(as) , (57) 

t,s 

where H± is the lattice one-body Hamiltonian, which we define in terms of 
its Fourier transform 

H±(a(r-s)) 

H±(n) 

The link variables adopt a very simple, and moreover, translation-invariant 
form 

U(ar,as) = < ,h ' A = e" 2 ^^) , (59) 
and the functions and B are defined by 

C M (an) = sin(an M ) 

B(an) = r ^ (1 — cosan^) (60) 

M=1.2 

where r is a number. Our conventions for the 1-body Hamiltonian are so 
chosen as to assure that it tends to its continuum version when a —>■ 0. The 
functions B and are dimensionless, the only dimensionful parameters are 
A and the lattice spacing. Note also that the link variables may be introduced 



1 +N/2 
iV -N/2 

-a 3 (i @{2iran) + B{2ixan) ± a I A I) . (58) 
a 
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as part of the 1-body Hamiltonian in Fourier space, just by computing the 
Fourier transform 



N 

H ± (n\<p) = H±(at) e " 2 ™^ e ~^ n 
t=i 

N 

-2iriat-(n+(p) 



H±{at) e ~ 27Tiat < n+ ^ = H±(n + <p) , (61) 



t=i 



which means that the lattice versions of relations ( |T3"D hold. In terms of the 
eigenspinors of H±(n): 

H±(n)u±(n) = L)±(n)u±(n) H±{n)v±{n) = —uj±(n)v±(n) , (62) 

where (see [fL3| ) 

w±(n) = - y/C 2 (an) + (B(an) ± a | A |) 2 

, , u±(n) + Bian) ± a I A I — z €{an) 

u±{n) = = x 

'2u)±(an) (u)±(an) + B(an) ± a | A |) 



. . u±(n) - B(an) =F a A +2 ^ on , . 

v±(n) = . — (63) 

'2a>±(an) (u±(an) — B[an) =f a | A |) 



we define the field expansions 

+f 

= [*±(n I ¥>) M ±(™ I + rf ±(™ I ¥>)«±(n | </?)] e 2mr . (64) 



N 2 

2 



Now the relevant anticommutation relations read 

{tt(r) , #(r')} = 

{*(r), ^ f (r')} = 5{r-r') 

{b±(n | , b'±(n' \ <p)} = 5 2vr (n - n') 

{d±(n | v?) , «4(n' | y?)} = <5 2?r (n - n') , (65) 

where the periods of the 5-functions are indicated in their corresponding 
suffixes. The outcome of evaluating the overlap with this conventions, and 
its a — > limit are discussed in the next two subsections, which deal with 
the real and imaginary parts of the effective action separatedly. 
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4.1 Real part of T. 

A straightforward calculation along the lines of the corresponding continuum 
object yields 



Rer(v?, a) 



N 

' 2 



2 lo s 



N 
2 



v\_(n + (p, a)v-{n + (p, a) 
v + (n, a)v-(n, a) 



(66) 



where now we only display the dependence of V on (p and the lattice spacing 
a, omitting the A-dependence since this parameter will not be affected by 
the following treatment. Using the explicit form of the lattice eigenspinors, 



we can rewrite (|66|) as |L3 



Re T(ip, a) 


= ~ {log cos 

JV 
2 


(3{n + <p) 


— log cos P(n)} . 




where 










cos/3(n) = a 


u+{n) — a^ 1 B{n) 


-\A\u- 


(n) - a- 1 B(n) + 


A | 


2uj + {n) 




2oj_{n) 




+ \ 


u) + {n) + a _1 _B(n) 


+ | A | a;_ 


(n) + a~ l B(n)- 


A | 


2tu + (n) 




2u_{n) 





(67) 



• (68) 



Note that the factor a -1 in front of B is necessary to match dimensions (A 
is a mass). 

We need to check that if we perform the summation over in ( |67D and 
then take the limit — > oo, we recover the continuum expression (22) for 
Re T(tp, A). To this end first we note that the dominant contributions to (|67j) 
come from the zeroes of cos/3(n) and cos /3(n + p). This happens when 
and B vanish simultaneously. But if r 2 >> A 2 , there will be no contribution 
from the doublers, and the only zeroes of cos (3 will be at an M — > 0. Hence we 
can expand ( |67|) in powers of a. The leading, i.e., a = term is convergent 
and coincides with the continuum limit, since putting a = everywhere 
in ( |67D amounts to replacing both u + and u;_ by their common continuum 
counterpart uj(n), and B can be put to in (|68[) , since its small-a expansion 
begins with a 2 . With these replacements, the function which is summed in 
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fl6"?D becomes identical to the one of the continuum overlap calculation and 
moreover N = a -1 tends to infinity, so that the finite sum becomes a series. 

One can show that the subleading terms in a are given by convergent 
series and hence make a vanishing contribution when a — ► 0. To see this we 
first note that (|67| ) is an even function of a. Therefore, the first subleading 
contribution will come from the coefficient of a 2 in the expansion of (|6^ ) in 
powers of a. 

The order a 2 term in the expansion of the function summed in d67|) in 
powers of a turns out, for large n, to behave like 



0(a 2 



a 2 - A 
2 



2r 2 



in 



n 



n^n^) 3 + (r^) 3 n M 



u; 4 (n + if) uj 4 (n) n 2 oo 2 (n) 

(n + <f\JSp + fT) 3 + {{n + ffUji + fY' 
(n + if) 2 u) 2 {n + ip) 



(69) 



Then by expanding ( |69]) in powers of if, the order term in if is zero, since 
it is killed by the normalization we use for the determinant. The term linear 
in ip vanishes when summed over n, as can be seen also from the fact that 
( |57D is invariant under if — > —if. But then the term quadratic in ip carries a 
behaviour n~ 2 for large n, and thus the sum over n is at worst logarithmically 
divergent with 1/a. When a tends to zero this logarithmic factor is killed 
by the a 2 power multiplying this term. Other powers of if tend also to zero, 
since the term of order q in if carries a 1/n' large-n behaviour. 



4.2 Imaginary part of T. 

Using the explicit form of the lattice eigenspinors, we can write the imaginary 
part of the effective action for finite lattice spacing as follows 

+- 

lmV(ip,A, a) = Im ^ [log G(n, ip, A, a) - logG(n, ip, -A, a)] . (70) 

_ JV 
2 

where 



20 



G(n, ip, A, a) = 



[u+(n) + A - o -1 5(n) ][u + (n + ip) + A - a -1 S(n + 93) ] 

+ a~ 2 C(27ran) • C(2vra(n + </?)) + ^— C^iran) C u {2na{n + ip)) (71) 

a T2 

It is immediate to realize that, again for the imaginary part, the limit a — > 
yields the continuum overlap definition which was already evaluated. It 
is only necessary to realize that both u + and u;_ tend to their common 
continuum limit, and that the contributions from B are suppressed by an 
extra power of a. So let us discuss the subleading terms. For any a 7^ 0, one 
sees that 

G{n,ip,-A,a) = G(n, ip, A, -a) , (72) 
therefore for a 7^ ([F2|) can be used in (|7TD and ([70|) to deduce: 

Imr((/!,A, — a) = — ImT((/9, A, a) , (73) 

thus only odd powers of a (except for the a = 0-term) may appear in a small- 
ex series. The first subleading term might then be of order a. A calculation 
of this order-a term for ( [7I| ) yields a function with the structure 

0(a) = a £ /(n,A,n + ^)e^ W , (74) 

ni,n 2 

where / is given by: 
— (■ 

(ujn + ip) + A)(u(n) + A) 

[(a>(n + y?) + A)(u(n) + A) + n ■ (n + y?)] 2 + nV 2 - (n • V 5 ) 2 

M7i + y>)-A)(q;(n)-A) 1 

l(tj(n + <p) - A)(u(n) - A) + n ■ (n + <p)} 2 + n 2 ip 2 - (n ■ ip) 2 

Equation ( ]T5| ) is quite a cumbersome scalar function of its arguments, 
but we only need to know that it behaves as 1/n for large n, and it depends 
on ip only through the combination n + (p. Thus the series (|74|) appears to 
be quadratically divergent. Note that the imaginary part of (|7T|) is an even 
function of ip^, so, even though the terms of order two and higher in an 
expansion of / in powers of (p will tend to zero as for the real part case, we 



f(n,A,n + <p) = -(^rr + Wt)x 
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are still left with the term of order one. This will however vanish, because 
expanding / to first order in if will yield for (74) 

0{a) ~ a h(n,A) e^n^-ja ■ (p , (76) 

ni,ri2 

where h is also a scalar function but of n and A, whose form is not relevant 
to our argument. Since one can prove that 

]T h{n, A) n M n" oc g" u , (77) 

n\,n2 

where g is the metric tensor. Inserting (|77|) into (|76|) yields for this term, 
since e^ u ip^ip u = 0. 

This completes the proof of the vanishing of the subleading term for the 
imaginary part. 
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